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Abstract 

The purpose of this paper is to compute the second adjoint cohomology group of q-deformed 
Witt superalgebras. They are Horn-Lie superalgebras obtained by g-deformation of Witt Lie 
superalgebra, that is one considers cr-derivations instead of classical derivations. 

Introduction 

The theory of Horn-Lie superalgebras was introduced in [3]. Representations and a cohomology 
theories of Horn-Lie superalgebras was provided in [3] . Moreover we have studied central extensions 
and provide as application computations of the derivations and scalar second cohomology group of 
(/-deformed Witt superalgebras. In this paper, we aim to provide computation of second adjoint 
cohomology group of g-deformed Witt superalgebras. 

The Witt algebra is one of the simplest infinite dimensional Lie algebra. This Lie algebra of 
vector fields, was defined by E. Cartan. It is established that it admits one central extension, 
that is Virasoro algebras. The computation of the cohomology and the formal rigidity of Witt 
and Virasoro algebras was established by Fialowski [7], see also [U [lOl ttH EE [HI [35] • For Lie 
superalgebras we refer to [301 EZl [33], [33] . 

In the first Section we review some preliminaries, the cohomology of Horn-Lie superalgebras 
and deformation theory. In Section 2, we describe 5- Witt superalgebras. The main result, about 
second adjoint cohomology of g-deformed Witt superalgebras, is stated in Section 3. Its proof is 
given by computing even and odd adjoint second cohomology groups. 
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1 Preliminaries 



Let Q be a linear superspace over a field IK that is a Z2-graded linear space with a direct sum 
G = Go ffi Gi- The elements of Gj, j £ Z2, are said to be homogenous of parity j. The parity of 
a homogeneous element x is denoted by |x|. The space End(G) is Z2-graded with a direct sum 
End(G) = End (G) © End 1 (G), where Endj(G) = {/ € £nd(g) : /(ft) C ft +i }. The elements of 
Endj(G) are said to be homogenous of parity j. Let £ = © ne z£ n be a Z-graded linear space, a 
linear map / G End{£) is called of degree s if f(£ n ) C fn+s, for all n E Z. 

Definition 1.1. [3J A Horn-Lie superalgebra is a triple (G, [•, •], a) consisting of a superspace ft an 
even bilinear map [., .] : G x ^ — > G and an even superspace homomorphism a : G — > satisfying 

[x,y] = -(-l)NI%x], (1.1) 

(-l) W|z| [aW, Ml + (-l) Wlvl [a(2), [x,2/]] + (-l) Mx \[a(y), [z,x]] = 0, (1.2) 

for all homogeneous element x,y,z in ft 

1.1 Cohomology of Horn-Lie Superalgebras 

Let (G, [., -],ct) be a Horn-Lie superalgebra and V = Vq © V% an arbitrary vector superspace. Let 

/? € ft(V) be an arbitrary even linear self-map on V and [., .]v '■ , be a bilinear 

(9,v) 

map satisfying [ft, V}]y C Vi+j where i,j € Z2. 

Definition 1.2. The triple (V, [., .]y , /3) is called a Horn-module on the Horn-Lie superalgebra 
G = Go © Gi or ftmodule V if the even bilinear map [., .]y satisfies 

[a(aO,/0(t;)]v = /3([x, W ]y) (1.3) 
M,0(w)]y = [a(x),[y,v]} v -(-l)^[a(y),[x,v}} v , (1.4) 

for all homogeneous elements x, y in £/ and u € V. 
Hence, we say that (V, [., .]y,/3) is a representation of ft 

Remark 1.3. When /3 is the zero-map, we say that the module V is trivial. 

Let xi, • • • , Xfc be A; homogeneous elements of ft We denote by |(xi, • • • , x/~)\ — |xi| + •••-(- jx^j ( 
mod 2) the parity of an element (xi, . . . , Xk) in G k ■ 

The set C k (G, V) of /c-cochains on space G with values in V, is the set of /c-linear maps / : ® k G -> V 
satisfying 

/(xi, . . . ,Xi,x i+ i,. . . ,x fc ) = -(-l) |Xi||:Cl + l| /(x 1 ,. . . ,x i+ i,Xj, . . . ,x k ) for 1 < % < k- 1. 
For fc = we have C°(ft V) = V. 

The map / is called even (resp. odd) when we have /(xi, . . . ,x k ) € Vq (resp. f{x%, . . . ,Xk) € Vi) 
for all even (resp odd ) element (x%, . . . , Xk) € G k ■ 

A A;-cochain on G with values in V is defined to be a fc-hom-cochain / € C k (G, V) such that it is 
compatible with a and j3 in the sense that [3o f = foa, i.e. fio f{x\, . . . , x^) = f(a(x\), . . . , a(xfc)). 
Denote C^p(G, V) the set of k-hom-cochains: 

C k AG,V) = {feC k (G,V):(3of = foa}. (1.5) 
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Define 5 k : C k (G, V) -> C k+1 {G, V) by setting 



5 k (f)(x ,...,x k ) 

(-l)H«l(kH-i[+-+[*t-i|)/( a ( a;o ) ) . . . , a (x s _i), [x s , x t ],a(x s+1 ), ...,x t ,..., a(x fc )) 



0<s<t<fc 

\sH-|as»[(|/[H-|x |H h|aj s _i|) 



s=0 



where / E C k (Q, V), \ f\ is the parity of /, xq, ....,Xk G <7 and Xj means that Xj is omitted. 

Theorem 1.4. J^]/ Let (Q, [.,.}, a) be a multiplicative Horn-Lie superalgebra and (V, [., .]y, /3) 6e a 
£/ -Horn-module. 

The pair ((Bk>oC k g(G, V), {5 k }k>o) defines a cohomology complex, that is 5 k a = 0. 

Let (£/, [., .], a) be a multiplicative Horn-Lie superalgebra and (V, [., .]y , /3) be a ^-Horn-module. 
We have with respect the cohomology defined by the coboundary operators 

5 k -.c k ^g,v)^c k ^(g,v). 

• The fc-cocycles space is defined as Z k (Q, V) = ker 5 k . 

The even (resp. odd ) k-cocycles space is defined as Z$(G,V) = Z k (G,V) n (0*^(0, V)) 

(resp. z k (g,v) = z k (g,v)n(c k ^(g,v)) 1 . 



The even (resp. odd ) k-coboundaries space is Bq(G,V) = B k (g,V) n {C*g(G, V))q (resp. 

B*(g, v) = B k (g, v) n (c k Jg, v))i. 



The fc-coboundary space is defined as B k (G, V) = Im 5 k 1 . 

• The k th cohomology space is the quotient H k (G, V) = Z k (G, V)/ B k (G, V). It decomposes as 
well as even and odd k th cohomology spaces. 

Finally we denote by H k (G,V) = H$(G,V) H^(G,V) the set k th cohomology space and by 
®k>oH k (g, V) the cohomology group of the Horn-Lie superalgebra g with values in V. 

In the general case, let (G, [., •],«) be a Horn-Lie superalgebra. We have a 1-coboundary (resp. 
2-coboundary operator) defined on (/-valued cochains C k (G, G) such as for x, y, z G G 

5 1 (/)(x,y) = -/([x,y]) + (-l)N^[x,/(y)]-(-l)^(l/l + N [y5/(x)]) (1 . 6) 
5 2 (f)(x, y, z) = -f([x, y],a(z)) + (-l)Mv\f([ x , z],a(y)) + f(a(x), [y, z]) 

+ (-l)NI/l[ a ( X ),/(y, Z )]-(-l)l^l(l/l + N)[ a (y),/( X , Z )] 

+ (-l)M(l/l+M+W)[a^),/( x , y )]. (1.7) 

A straightforward calculation shows that 5 2 o 5 2 = 0. We denote by ^(G^G) (resp. H 2 (G,G)) the 
corresponding I s * and 2 nd cohomology groups. 
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1.2 Deformations of Horn-Lie superalgebras. 

In this section we extend to Horn-Lie superalgebras the one-parameter formal deformation theory 
introduced by Gerstenhaber [16] for associative algebras. It was extended to Horn-Lie algebras in 

Definition 1.5. Let (Q, [., -],a) be a Horn-Lie superalgebra. A one -parameter formal deformation 
of Q is given by the K[[t]} -bilinear map [., ] t : Q[[t}} x Q[[t}] — > Q[[t}] of the form [., .} t = ^Y[., .]<, 

where each [., .]j is an even bilinear map [., -]i : Q X Q — > Q (extended to be K[[t]]-bilinear) and 
[., .] = [., .]o satisfying the following conditions 

[x,y} t = -(-l)W\y\[y,x} t , (1.8) 
(-l)WM [a(x), [y,z] t ]t + (-l)^[a(z), [x,y] t ]t + (-l)*l[a(y), [z,x] t } t = 0. (1.9) 



The deformation is said of order k if [., .]( = 

i=0 

Given two deformations Qt = (9, [.,.]*, a) and (^ = £/,[.,.]£, a) of where [.,.]< = and 
[., .][ = ^~]t l [., with [., .]o = [., .]q = [., .]. We say that Qt and Q[ are equivalent if there exists a 
formal automorphism fa = (f>it % where fa € End(Q) and 0o = zdg, such that 

i>0 

M[ x >v]t) = [M x )>Mv)]t- 

A deformation Qt is said to be trivial if and only if Qt is equivalent to Q (viewed as a superalgebra 
an £[[*]].) 



The identity (jl.9p is called deformation equation and it is equivalent to 

o w £ (-i) w|2| * i+i K*), [y^lili = o, 

«>o,i>o 



i.e. 



o w ^ (-i) WN * s K^) I b,4] s -i = o, 

i>0,s>0 

or 

£> s O w ^(-l)l^l 2 lt s [a(x), = 0. 

The deformation equation is equivalent to the following infinite system 



C3 w E(-l) |x||2!| [a(x),[y,4] s -i = 0, for a = 0, 1, 2, • • • (1.10) 



i=Q 



In particular, For s = we have O x ,y,z (— l)' 21 " 2 ' [a(x), [y, #]o]o = which is the super Hom-Jacobi 
identity of Q. 
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The equation for s = 1, is equivalent to 5 2 ([., .]i) = 0. Then [., .]i is a 2-cocycle ([.,.]i G Z 2 (G,G). 
We deal here with (/-valued cohomology. For s > 2, the identities (jl.lOp are equivalent to: 

s-1 

5 2 ([.,.] s )(x,y,z) = - O x , y , z ^2{-l) lxM [a(x),[y, z}^. 

i=l 

Let (Q, [., .],a) be a Horn-Lie superalgebra and [., .]i be an element of Z 2 {Q,Q). The 2-cocycle 
[., .]i is said to be integrable if there exists a family ([., ] p ) p >o such that [., ]t = -]i defines a 

formal deformation £/ t = (Q, [., .]t,a) of Q. 
One may also prove: 

Theorem 1.6. Let (G, [.,.], a) be a Horn-Lie superalgebra and Gt = (G, [■, -]tj a ) be a one-parameter 
formal deformation of G , where [-,-]t = Then there exists an equivalent deformation 

i>0 

(G't = G, [., ][ , ol), where [., ][ = t*[., .] • such that [., G Z 2 (G, G) and doesn't belong to B 2 (G, G)- 

i>0 

Hence, if H 2 (G,G) = then every formal deformation is equivalent to a trivial deformation. 
The Horn-Lie superalgebra is called rigid. 



2 The (/-Witt superalgebras 

Let A = Ao © *4.i be an associative superalgebra. We assume that A is super-commutative, that is 
for homogeneous elements a, b, the identity ab = (— l^ll^ba holds. 

Definition 2.1. A a-derivation Di (i G Z2) on A is an endomorphism satisfying: 

Di(ab) = Di{a)b + (-^(7(0)^(1), 

where a, b £ A are homogeneous element and \a\ is the parity of a. 

A cr-derivation Dq is said to be an even <r-derivation and D\ is an odd cr-derivation. The set of 
all cr-derivations is denoted by Der a (A). Therefore, Der a (A) = Der a (A)o © Der a (A)\, where 
Der a (A)o (resp Der a (A)±) is the space of even (resp. odd) a-derivations. 

Let A = Ao © Ai be a super-commutative associative superalgebra, such Ao = C[t, and 
A± = 6A0 where 9 is the Grassman variable (6 2 = 0). We set {n} = , a g-number, where 
q G C\{0, 1} and n G N. Let a be the algebra endomorphism on A defined by 

a(t n ) = q n t n and a{8) = qO. 

Let dt and dg be two linear maps on A defined by 

d t (t n ) = {n}t n , d t {6t n ) = {n}6t n , 

d e (t n )=0, d e (6t n )=q n t n . 
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Lemma 2.2. f3] The linear map A = dt + Ode on A is an even a -derivation. 
Hence, A(t n ) = {n}t n and A(8t n ) = {n + l}9t n . 

Let W q = A ■ A be a superspace generated by elements L n = t n ■ A of parity and elements 
G n = 9t n • A of parity 1. 

Let [— , — ] be a bracket on the superspace W q denned by 

[L n ,L m ] = ({m} - {n})L n+m , (2.1) 
[L n , G m ] = ({m + 1} - M)G n+m . (2.2) 

The others brackets are obtained by supersymmetry or equals 0. 

It is easy to see that W 9 is a Z— graded algebra W 9 = ® n ezWn, where Wn = spanc{L n , G n }. The 
elements L n and G n are said of degree n. 

Let a be an even linear map on W 9 defined on the generators by 

a(L n ) = (1 + q n )L n , (2.3) 

a{G n ) = (l+q n+1 )G n . (2.4) 

Proposition 2.3. J3J/ ITie triple (W 9 , [—,—], a) is a Horn-Lie superalgebra. 

In the sequel we refer to this Horn-Lie superalgebras as W 9 . We call it g-deformed Witt 
superalgebra. 

3 Second cohomology H 2 (W q ,W q ) 

In this section, we aim to compute the second cohomology group of W q with values in itself. For 
all g-deformed 1-cocycle (resp 2-cocycle) on W 9 we have with respect to (jl.6p . (jl.7p . respectively 

o = ^(./oOo^i) 

-f([x , Xl }) + (-l)l-oll/! [x ,/(xi)] - (-l)^W + M[ Xl ,f(x )}, (3.1) 



= S 2 (f)(x ,xx,x 2 ) 

= -f([x ,xi},a(x 2 )) + (-l) lx2llxil f{[x ,x 2 ],a{xi)) + /(a(s ), [xi,x 2 ]) 
+(-l)MW[a(x )J(x 1 ,x 2 )] - (-lt^+^[a(x 1 )J(x ,x 2 )] 
+ ( _ 1) NI(l/l+kol+ki|) [a(x2))/(2 , 0;2 , l)] . (3 . 2) 

Taking the pair (x,y) to be respectively (L n ,L p ) and (L n ,G p ) in (|3.ip . we obtain 

5\f){L n ,L p ) = -f([L n ,L p ]) + [W(A0] " [W( L «] = 0. 
S^f^L^Gp) = -f([L n ,G p }) + [L n ,/(G P )] - (-1)M[G PJ /(A0] = 0. 
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Taking the triple (x,y,z) to be (L n ,L m ,L p ), (L n ,L m ,G p ), and (L n ,G m ,G p ) in (|3.2p . respec- 
tively, we obtain 

= -f([L n ,L m ],a(L p )) + f([L ni L p ],a(L m )) + f(a(L n ),[L m ,L p }) 

+ [a(L n ),f(L m ,L p )} - [a(L m )J(L n ,L p )} + [a(L p )J(L n ,L m )}. (3.4) 

= -f([L n ,L m },a(G p )) + f{[L n ,G p ],a(L m )) + f(a(L n ),[L m ,G p ]) 

+ [a(L n ), f(L m , G p )] - [a(L m )J(L n , G p )] + (-1)1/1 [a(G p ), f(L n , L m )\. (3.5) 

= -f([L n ,G m },a(G p ))-f([L n ,G p },a(G m )) + f(a(L n ),[G m ,G p }) 

+ [a(L n ),f(G m ,G p )] - (-lf\[a(G m )J(L n ,G p )} - (-l)^[a(G p ), f(L n ,G m )]. (3.6) 

Our main theorem is 

Theorem 3.1. The second cohomology group of q- deformed Witt superalgebras W q with values in 
the adjoint module vanishes, i.e. 

H 2 (W q ,W q ) = {0}. 
Hence, every formal deformation is equivalent to a trivial deformation. 

In the sequel we proceed to prove this result by computing the second even and odd cohomology 
groups. We have 

H 2 (W q ,W q ) = H${W q ,W q )®H 2 {W q ,W q ) 
where H^(W q , W q ) (resp. H 2 (W q ,W q )) is the even (resp. odd) subspace. 

3.1 Second even cohomology Hl(W q ,\V q ) 

We denote by H$ s (W q ,YV q ) the even subspace of degree s. That is given by even 2-cochains of 
degree s, i.e. for all homogeneous elements xi,X2 G W q of degree respectively m,n, f{x\,X2) is of 
degree m + n + s. 

Assume now that / is an even 2-cocycle of degree s. We set 

f\l j n: I j p) — 0's,n,pLs+n+pi f(.L n ,G p ) — b s n p G s -\- n + p and/(G n , Gp) — c s ^ n ^ p L s j rn j rP . 
When there is no ambiguity with the degree s, the coefficients a SjnjP , 6 Sjn ,p, c SjnjP are denoted by 

^n,p) b n ^ p , C n ^ p . 

By (|3.4p . we have 

= -(l + q p )({m}-{n})a n+mtP +(l + q m )({p}-{n})a n+p , m 

+ {l + q n ){{ra+p + s}-{n})a m , p (3.7) 
-(1 + q m ){{p + n + s}- {m})a n , p + (1 + q p ){{n + m + s} - {p})a n , m . 

Therefore by (13. 5|) . we obtain 

= -(l + q P+l)({ m }-{n})b n+m , p -(l + q m )({p+l}-{n})b m , n+p 

+ (1 + q n )({p + 1} - {m})b n , m+p + (1 + q n )({m + p + 1 + s} - {n})b m>p (3.8) 
-(1 + q m )({p + n + 1 + s} - {m})6 njP - (1 + q p+1 )({p + 1} - {n + m + s})a n , m . 
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Since [G n , G m ] = 0, by (|3.6p . we obtain 

= _(l + ^+i)({ m + l}-{n}) Cn+miP -(l + (7 m + 1 )({p+l}-{n})c n+p , m 

+ (l+q n )({m+p+s}-{n})c m , p . (3.9) 

Proposition 3.2. If s ^ 0, 2, the subspaces Hq s (W g , W q ) vanishe. 
Proof. We define an endomorphism g of W 9 by 

9{Lp) = ^j-y/(L ,L p ) and g(G p ) = ^ f(L ,G p ). 
By (1331) and (JEU) we have 

5 l {g){L ,L p ) = -{p}g(L p ) + {p + s}g(L p ). 

So 

5 1 (g)(L ,L p ) = qP{s}g(L p ). 

We define a 2-cocycle h by 

h = f-S 1 (g). 

Therefore 

/i(L ,L p ) = /(L ,L p ) - 5 1 (5)(io,^ P ) = q p {s}g(L p )-qP{s}g(L p ) = 0. (3.10) 
Taking m = in (10) , with ([2TT]) and ([23]) we obtain 



= (1 + q p+1 ){n}f(L n , L p ) + 2({p} - {n})f(L n+p , L ) + (1 + q n ){p}f(L n ,L p ) 

+ (1 + <f )[L n , /(L , L p )] - 2[L , /(L n , L p )] + (1 + <f )[L p , /(L n , L )]. (3.11) 

Since fa is a 2-cocycle, we can replace / by h in (|3.1ip . and using (|3.10p we obtain 

= (l + q p ){n}h(L n ,L p ) + (l+q n ){p}h(L n ,L p )-2{s + n+p}h(L n ,L p ). 

From this, using the fact that s is not vanishing, we obtain 

h(L n ,L p ) = V n,p € Z. (3.12) 

Since g(G p ) = gP +\ {s} f(L ,G p ), by ([331) and ([22]) we have 

^(sXLq, G p ) = -{p + l} ff (Gp) + {p + s + l} 5 (Gp) = cf +1 {s}<?(G P ). 

Then 

h(L , G p ) = /(L , G p ) - 5\g){L G ,G p ) = 0. 
Taking m = in (|33]h by (HH), ([22]), ([23]) and (g3J), we obtain 

(1 + ef ){n}/(L n , Gp) + 2({p + 1} - {n})/(G p+n , L ) + (1 + g n ){p + l}/(L n , G p ) 
+ (1 + q n )[L n , /(L , Gp)] - 2[L , f(L n , G p )] + (-1)^ (1 + q p+1 )[G p , f(L n , L )] = 0. 



Since h is a 2-cocycle and h(Lo, G p ) = h(Lo, L n ) = we can deduce 

(1 + q p+1 ){n}h(L n , G p ) + (1 + q n ){p + l}h(L n ,G p ) - 2{p + n + s + l}h(L n , G p ) = 0, 
which implies, under the condition s ^ 0, that 

h(L n ,G p ) = 0. (3.13) 
Taking n = in (|3.6p . since [G m , G p ] = h(L n , G p ) = h(L n ,L p ) = and /i is a 2-cocycle we have 
-h([L , G m ],a(G p )) - h([L , G p ],a(G m )) + [a(L ),h{G m , G p )] = 0. 

Then 

-(1 + qP +l ){m + l}h(G m , G p ) - (1 + q m+1 ){ P + l}h(G p , G m ) + 2{m + p + s}/i(G m , G p ) = 0, 
which implies, under the condition s ^ 2, that h(G m ,G p ) = 0. 

It follows that h = 0. Hence / is a coboundary. □ 

Lemma 3.3. Let f be an even 2-cocycle of degree zero (s = 0) and g be an even endomorphism of 
>V9. Ifh = f-5 1 (g) then 

h(L-x,L 2 ) = 0, fr(L_i, Gi) = 0, /i(L n , Li) = and h(L l7 G m ) = Vn e Z, m G Z*. 

Proo/. Let / be an even 2-cocycle. Then f(L n ,L m ) = f n)m L n +m and f(L n ,G m ) = f' nm G n+m . 
Let (a n ) ne z be the sequence given recursively by 

a o = fo,i, 

a n = a n+ i + f n i Vn < 0, 

{1} - {n} 

ai = 0, 

a 2= {2} _ { _ 1} /-1.2-«-l, 

a„ + i = a n + 1 / n i Vn > 2. 
{n}-{l} 

Let (b 

m)mez be the sequence given recursively by 

bo = 0, 

fr m = fr m+ i~ | 1 |_| m + 1 } X,m Vm<0, 

61 = " a " 1 " {liFp}^" 1 ' 1 ' 

{1} — {m + l} ' 

Let 5 be an even endomorphism of W q given by g(L n ) = a n L n and g(G n ) = b n G n . 
By (|3.3p and fj3.3j) we have recursively 

S' 1 {g){Ln,L m ) = ({n} - {m})(a n+m - a m - a n )L n+m , 



and 

6 1 (g)(L n , G m ) = ({n} - {m + l})(b n+m - b m - a n )G n+m . 
If h = f — 5 1 (g) we have 

h n ,i = fn,i ~ ({n} - {l})(a n+ i - a n ) = Vn G Z, 

/i-1,2 = /-i,2 - ({-1} - {2})(ai -oa-o-O = 0, 

^i,m = /l,m - ({!} ~ {m + l})(& m +l - 6 m ) = Vm G Z*, 

fc-l.l = /li,i + ({-l}-{2})(6 1+ a_i)=0. 

This proves the lemma. □ 

Lemma 3.4. Zei / be an even 2-cocycle of degree zero such that f(L n , L\) = and /(L_i, L 2 ) = 0. 
Then the cohomology class of f is trivial on the space Wq x Wq. 



Proof. Since / is an even 2-cocycle of degree zero, by (|3.7p we have 

-(1 + q p )({m} - {n})a n+ni)P + (1 + q m )({p} - {n})a n+P)in + (1 + q n )({p} - {m})a n , m+p 

+ (1 + q n ){{m+p} - {n})a m , p - (1 + q m ){{n + p} - {m})o n , p + (1 + q p ){{n + m} - {p})o n , m 

= 0. (3.14) 

Taking m = —1 in (I3.14j) . we have 

-(1 + g p )({-l} - {n})o„_i jP + (1 + g^XM - {n})o n+p ,_i + (1 + g")({p} - {-l})o n ,_ 1+p 

+ (1 + q n )({-l +p}~ W)a_ liP - (1 + g- x )({n + p} - {-l})o n , p + (1 + <f )({n - 1} - {p}K-i 

= 0. (3.15) 

Setting m = 1 in (|3.14|) . since & = — a^ i = VTc G Z, we have 

- (1 + <f )({1} - {n})o n+1)P + (1 + o n )(M - {1}K, 1+P - (1 + 9 )({n +p} - {1}K, P = 0.(3.16) 

We investigate the following cases: 
Case 1: k = 

In (|3.16p we consider p = this gives 

- 2({1} - {n})a n+1 , - (1 + q)({n} - {l})a n ,0 = 0. (3.17) 

That is, 

2 l+ 1 Y7 ^1 

a n,0 — a n+l,Cb On+1,0 — — ~ — a n,0> "71 ^ 1. 

1 + 5 ' 2 
Starting from 01,0 = — 001 = this implies for n < that a n fi = and for n > 3 that 

an,0 — (,^~J a 2,0- 

Next we consider (|3.15p for n = 0, p = 2. It follows 

-(1 + g 2 ){-l}a_ li2 + (1 + - 1 ){2}a 2 ,_ 1 + 2({2} - {-l})o ,i 
+2{l}a_ li2 - (1 + g" 1 )({2} - {-l})ao, 2 + (1 + <? 2 )({-l} - {2}R_i 
= 0. 
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The term o_i i2 cancels and we know already that Oq i = oq -1 = 0. Hence ao,2 = 0. 
This implies 

a n fl = Vn £ Z. 

Case 2: fc = -1 

In (I3.16P we set p = —1 and obtain (with a n ,o = 0) 

-(1 + ^({l} - {n})a n+li _! - (1 + g)({n - 1} - {l}K,_i = 0. 

Hence, 

(l + g -i)({l}-{n» (l + g)({n-l}-{l}) 

V-l " - (1 + g)({n _ 1} _ {1}) a -+i.-i V ™ * 2 ' " " (1 + 9 -i )({1} _ {n}) Vra ^ 

The first formula, starting from ai,_i = — a_i i = 0, implies that a n _i = 0, for all n < 1. 

The second formula, for n = 2, implies 03,-1 = and hence a n ,_i = for n > 3. But by assumption 

a 2) _i = — a-1,2 = 0. Hence, 

a nj _i =0 Vn € Z. 

Case 3: fc = -2 

We plug the value p = — 2 into (|3. 16|) and get for terms not yet identified as zero 
-(1 + q- 2 )({l} - {n})o n+1 ,_ 2 - (1 + q)({n - 2} - {l})a n ,_ 2 = 0. 

This yields 

(l + g)({l}-{n-2|) (l + g- 2 )(W-{l|) 

«n+l,-2 = -rj— — - 2 \/m r in a »,-2 vn ^ 1, O n 2 — — — -rp — j j--j--a n+ i 2 vn ^ 3. 

(1 + 9 2 )({l}-{«}) (l + g)({n-2}-{l}) 

From the first formula we get 03,-2 = (i +1? -^)({i}-{2}) Q 2,-2i a 4,-2 = anci hence o„,- 2 = for all 
n > 4. 

From the second formula we get starting from 01.-2 = that a n ,_2 = for all n < 1. 

Finally, a nj _ 2 = for n 7^ 2, 3. The value 03,-2 = m^^WlT^TlTl Q 2,-2 stays undetermined for the 

moment. 

Case 4: fe = 2 

We start from (I3.15P for p = 2 and recall that terms of levels 0, 1, —1 are zero. This gives 
-(1 + q 2 )({-l} - {n})a n _ li2 - (1 + q~ l )({n + 2} - {-l})o n , 2 = 0. 

Hence, 

(l + g 2 )(W -{-!}) (i + r i)( {n + 2} -{-!}) 

a «-2 - (1 + (7 _i )({n + 2} _ { _ 1}) an-i,2 Vn / -3, o„_ 1>2 - (1 + g2)({n} _ ^,2 Vn ^ -1. 

In the first formula we start from a_i )2 = and get a n , 2 = 0, Vn > —1. 

From the second, we get 0-3,2 = — ^i + ^^2}-{-i}) Q -2,2> then 0-4,2 = and then altogether 
o n ,2 = for all n ^ —2, —3. 

The value 0-3,2 = — n7j^wz^TZT~X}) a -2,2 stays undetermined for the moment. To find it we 
consider the index triple (2, —2,4) in (|3.14j) and obtain after leaving out terms which are obviously 
zero -(1 + g 4 ){4}o 2 -2 = 0. 
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This shows that 03,-2 = a,-Z2 = 02,-2 = and we can conclude a n -2 = a re ,2 = Vn G Z. 
Case 5: k < -2 

We make induction assuming it true for k = 2, 1,0,— 1, —2. We start from (|3.14p for p and put 
p = —1. We get 

(1 + q m ){{-l} - W)a n _i >m + (1 + cf )({-l} - {m})a n , m _i + (1 + g _1 )({n + m} - {-l})a„, m = 0. 

(3.18) 

Then 

(1 + <z n )({-l} - {m})a n , m _i = (1 + <r X )({-l} - {n + m})a„, m - (1 + </ m )({-l} - {ra})a n _i, m . 

We deduce that a n , m = 0,V m < —2. 
Case 6: k > 2 

We make induction assuming it true for n = 2. By ()3.16j) we have 

(1 + <f )({1} - {n})a n+1 , p = (1 + q n )({p} ~ {1}K,i+p - (1 + q)({n + p} - {l})a n , p . 
We deduce that a n ^ m = 0, V n > 2. 

□ 

Lemma 3.5. Let / 6e an even 2-cocycle of degree zero such that f(L n ,Li) = , /(L_i,L2) = 0, 
f(Li,G m ) = 0,Vm € Z* and = 0. T/ien i/ie cohomology class of f is trivial on the 

space W% x Wf. 

Proof. Since / is an even 2-cocycle of degree zero and f(L n , L m ) = 0, by (|3.8p we obtain 

-(1 + q p+l )({m} - {n})b n+mtP - (1 + q m )({p + 1} - {n})b m , n+p 

+ (1 + q n )({p + 1} - {m})& n , m+p + (1 + q n ){{m + p + 1} - {n})b m , p (3.19) 

-(1 + q m )({P + n + 1} - W)6 n , p = 0. 

In (|3.19p we set m = 1 and obtain 

-(1 + q p+1 )({l} - {n})b n+hp - (1 + q)({p + 1} - {n})6 1>n+p + (1 + q n )({p + 1} - {l})6 n ,i +p 
+(1 + q n )({p + 2} - {n})6i, p - (1 + 9 )({n + p + 1} - {1})&„, P = 0- (3-20) 

Then (for p ^ 0, n + p ^ 0) 

- (1 + <f +1 )({1} - {n})b n+hp + (1 + g»)({p + 1} - {l})6n,i +P - (1 + q)({n +p + 1} - {l})6 n , p = 0. 

(3.21) 

We consider in the following the different cases: 
Case 1: k = 

In (|3.2ip . we set n = and obtain (for p ^ 0) 

2({p + 1} - {l})6 ,i +p - (1 + q)({p + 1} - {1})6 , P = 0. (3.22) 

Hence 

& o,i+p = -^-b , p , for pj^O, 
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which gives 

bo, P = (^) P ~\i, for p > 0, . (3.23) 
Letting m = 0, p = 1 in (|3,19p . we get 

(1 + q 2 ){n}b nA - 2({2} - {n})6 ,n+i + (1 + <f ){2}&„,i + (1 + q n ){{2] - {n})6 ,i - 2{n + 2}b n>1 = 0. 

Hence 

- 2({2} - {n})& ,n+i + (1 + q n )({2} - {n})b 0A = 0. (3.24) 

Setting n = 3 in (|3.24p . we obtain &o,4 = ^-^-&o,i- Furthermore, taking p = 4 in f|3.23|) . one has 
6 4 = (i± 2 ) 3 6 ,1- Thus 6 ,i = 0. Using this in (pT24"l) . we obtain 6 ,n = for all n f 3. 
Since &o,i = and setting p = 3 in (|3.23[) leads to 60,3 = 0. 
Hence 

bo, n = Vn 6 Z. 

Case 2: fe = -1 

In (]3.2ip . we set n = — 1 and obtain (for p 7^ 0, 1 ) 

(l + g- 1 )({p + l}-{l})6-i,i + p-(l + g)(M-{l})6-i lP = 0. (3.25) 

Hence 

6-i, P = ^ {P + } 1 ^ 1 { } 1} 6- 1 , 1 . H> , = ^T^iy^TT} 6 - 1 ^ for P / °' L 

The first formula implies b-i tP = c? p fr-1,0 f° r P < 0. 
The second formula implies = q p ~ 2 | p lij ft— 1,2 for p > 2 . 
By assumption ft-i,i = 0. 

Taking n = — 1, p = in (|3.20p . we obtain 

(1 + g- 1 )({2} - {-l})6i, + (1 + ?){l}6-i,o = 0. (3.26) 
Then 6_ 10 = — q~ 2 {3}bifi. We deduce that 

6_ liP = gf-3_f?> j 0j for p < 0. 
{p-1} 

Taking n = —1, p = 1 in (|3.20p . we obtain 

-(1 + q){{2} - {-1})6 1j0 + (1 + g- 1 )({2} - {1})6_ 1)2 = 0. 
Then 6-1,2 = q~ l {S}b\fi- We deduce that 

6_ liP = gP-3-i?> fe 1)0 , for p > 2. 
{p-1} 

Case 3: k = -2 
Taking n = -2, p = 2 in (ET20]) 

-(1 + g 3 )({l} - {-2})6_ 1>2 - (1 + q)({3} - {-2})b lfi + (1 + <T 2 )({3} - {1})6_ 2 , 3 = 0. 
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Then 

_ l + q 3 ({l}-{-2» u l + q {3} -{-2} 

^"l + q" 2 ({3}-{l}) Q {3Ko+ l + ^ {3}-{l} h '°- 

Taking n = —2, p = 1 in (13.20p . we obtain 

(1 + q- 2 )({2} - {l})&- 2 , 2 + (1 + q){l}6- 2) l = 0. 

Then 

0-2,2 = — Za~2 fe -2,i = -gT—o 0-2,1- (3-27) 

I + q z q z — q 1 + q z 

Taking n = -2, p = in (f3T20|) leads to 

-(1 + q)({l} - {-2})6_ 1)0 + (1 + q" 2 )({2} - {-2})b lt0 - (1 + q)({-l} - {l})6_ 2 ,o = 0. 

Then 



-2,0 — —Q -TTrj-Ol.O — 9 — J777"l,0- 



{2} A '° * l + q {2} 
We plug the value n = —2 into (|3.2ip and get for the terms not yet identified as zero 

-(l+^xui-^i^+a+rt 2. 

This yields 

1 + {l}-{-2} 3 {3} l + q {p -!}-{!} 

6 - 2 ' 1+p " l + q' 2 {P+1}-{1} 9 W} 6l '° + l + g- 2 {p 2 ' P ' 

l + g P +i {l}-{-2} p _ 3 {3} i + + 

0-2,p = 7- 7 77 77T<f 7 7^01,0 + "T- 7 77 7770-2,1+p for p ^ 0, 1, 2. 

l + q {p-l}-{l} {p-l} l + q {p-l}-{l} 

By direct calculation, we obtain 

6_ 2iP = J*¥-<f-% >0 - (i±^) 2 "^ n g 2p - 6 bi,oforp^O, 1, 2, 3. 

{p-2j l + q {p-2}{p-l} 

Case 4: fc = 2 
Taking n = 2, m = — 1, p = —2 in (|3,19p . we obtain 

, - 2 {3} 2 , x _ 2 l + g 2 {3} , 

62,-2 = q + 1 TT^2T 6l '°- 

Now, taking n = 2, m = —2, p = —2 in (13,19p . we obtain 

-(1 + q- 2 )({-l} - {2})6_ 2i0 + (1 + q 2 )({-l} - {-2})6 2 ,_ 4 

+ (1 + q 2 )({-3} - {2})6_ 2 ,_ 2 - (1 + q- 2 )({l} - {-2})6 2 ,_ 2 = 0. 



Hence 



52-4 = <? g-j 6_ 20 -q 6-2,-2+9 -j 2 -2- 

1-q 1-q 1-q 
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Recall that 



q 2 -g _ 2/ql , 1 + g 2 q 2 - g 2 , 

0-2,0 = r9 {3}oi j0 + -— ZT & 1.0> 

q - q 1 I + q q - q 1 

= 9 i — 7{3}6i,o + 9 i— 2 — 7 0l >°' 

g z — 1 1 + q q A — 1 



" i-^ i _ , 6l .° + «TT7 9 9 9^ 1,0 



- 2 (i-g 3 ) 2 , ^ - 2 i + 9 2 i-9 4 , 

'g 7^ 7777; — "1,0 + q -I—--, 2 0l -°' 



(l-g2)(l-g) ^ y 1 + g 1 

- {3} V 7 n + (i + g) 2 -j„, ; 



We deduce that 



, g -4 (l-g 3 )(l-g 4 ) 2 n 

02,-4 — *q —. — °1»0 



(1 -g 2 ) 3 

4 (l-g 5 )(l-g 3 ) 2 ^ (l-g5 )( i- g 4 )2 
(l-g)2(l-g4)^0 9 {l _ q){1 + qni _ q3){1 _ q 2 ) °lfi- 



Taking n = 2, m = — 1, p = —3 in (|3. 19)) . we obtain 



Hence 



-(1 + g- 1 )({-2} - {2})6_ 1 ,_ 1 + (1 + g 2 )({-2} - {-1})6 2 ,_4 
+ (1 + g 2 )({-3} - {2})6_ li _ 3 + (1 + g- 1 ){-l}6 a ,_ 3 = 0. 



_ 3 g 4 -ll-g\ 1 + g 2 _ 3 l + 9 2 g 5 -ll-g 3 , 

2 ,-3 = 9 7" — 701,0-— 02,-4-9 — j 7»1,0- 

g — 1 f - 1 1 + 9 9 + 1 9 _ 1 f - 1 



Then 

02,-3-9 -^T-6 lj0 -2g _^6 lj0 + g __ 6lf0 + g ___6 1)0 + g -^p-61,0. 

Taking n = 2, m = —2, p = —3 in ()3.19j) . we obtain 

"(1 + 9~ 2 )({-2} - {2})6- 2 ,-i + (1 + 9 2 )({"4} - {2})6_ 2 ,_3 + (1 + 9~ 2 ){-2}6 2 ,- 3 = 0. 

Then 

h - {4} h {A}4 g-*h 1 {6}{3} 2 _ 3 , { 6 }W 4 , 7 -3 fo 
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Comparing to the previous result, we deduce that 61,0 = 0. Hence we get 

b hp = Vp € Z. 

6_ ljP = VpeZ, 

6_ 2 , p = Vp ^ 1, 2. 

6 2)P = for p = -2, -4, -3. 

Taking n = 2, m = — 1 in (j3. 19|) . we obtain 

(1 + q 2 )({p + 1} - {-l})b 2 , P -i - (1 + q- l )({p + 3} - {-1})6 2 , P = 0. 

Hence 

b2 'P = q i + q i_ gP +A p-i for P ^ " 4 ' 6 2, P -i = <Z 1 + g2l _ gP+ 2 fc 2, P for p ^ -2. 

The first formula for p = —2 implies 62,-2 = and hence &2,p = for p > —2. 
The second formula for p = —4 implies 62,-5 = and hence &2 iP = for p < —5. 

We take n = —2, m = 2, p = — 1 in (|3.19p and recall that terms 6o,-l> 62,-3, 62,-1 and 6-2,-1 
are zero. This gives 

6-2,1 = 0. 

Then by (|3.27p we deduce that 

6-2,2 = 0. 

Case 5: k > 2 
By (gOOD we have 

(1 + q p+1 )({l} - {n})b n+liP = (1 + <f )({p + 1} - {l})6 n , 1+p - (1 + q)({n +p + 1} - {l})6 n , p . 

As A; > 2 the value (1 + q p+1 )({l} — {k}) 7^ and we get by induction trivially the statement for 
k + 1 then 

6 fc>p = Vk > 2. 

Case 6: k < -2 
Taking m = — 1 in f|3. 19j) since 6_i fc = 0, VA; € Z we have 

-(l+/ +1 )({-l}-{n})6 n _ 1 , p +(l+g m )({p+l}-{-l})6 ni _ 1+p -(l+( 7 " 1 )({n+p+l}-{-l})6 n , p = 0. 
So 

(l+/ +1 )({-l}-{n})6 n _ 1 , p = (l+( Z ")({p+l}-{-l})6 ni _ 1+p -(l+g- 1 )({n+p+l}-{-l})6 niP . 

As A; < —2 then + 1} — {A;}) 7^ 0. We get by induction obviously the statement for k — 1. 

Then 

b kjP = 0, V k < -2. 

Finally, we obtain 

6fc, P = 0, VA;, p £ Z. 

□ 
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Lemma 3.6. Let f be an even 2-cocycle of degree zero such that f(L\, G n ) = and /(L_i, L2) = 0. 
Then the cohomology class of f is trivial on the space x . 

Proof. By the super skew-symmetry we have c Pi?Tl = c m . p . In (|3.9[) we consider s = and n = 0. 
This gives 

- (1 + q p+1 ){m + l}c m , p - (1 + q m+1 ){p + l}c m , p + 2{m + p}c m , p = 0. (3.28) 

Hence, 

2q m +P{q 2 _ 1)( , mp = _ 

This implies 

c m , p = 0, Vm, p € Z. 

□ 

The previous lemmas shows : 
Proposition 3.7. 

Hlo = {0}. 

In the sequel we consider the last case of even 2-cocycle of degree 2. 
Lemma 3.8. Let f be an even 2-cocycle of degree 2 such that 

f{L n M) = /(L_!,L 2 ) = f(Li,G n ) = f{L. x ,G x ) = 0. 
Then the cohomology class of f is trivial. 

Proof. Define g and h as those given in Lemma (|3.2p . Then by (|3.12p we have h(L n ,L p ) = and 
by (|3X3j) we have h(L n , G p ) = 0. 
Letting s = 2, p = in (13.9p . we obtain 

- (1 + q)({m + 1} - {n})c n+mi0 - (1 + ? m+1 )({l} - {n})c n , m + (1 + (f )({m + 2} - {n})c m , = 0. 

(3.29) 

Setting n = 1 and m = in (I3.29p . one can deduce co,o = 0. 
Then taking m = in (I3.29p . we obtain c nj o = for n^l. 

Taking n = 1 and m = 1 in (I3.29p . we obtain ci = 0. Then c nj o = 0, Vn G Z. Using this in (I3.29p . 
one has 

c n ,m = 0, Vn, m G Z. 

□ 
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3.2 Second odd cohomology Hf(W q ,W q ) 

Let Hf s (W q ,yV q ) be the subspace of second odd cohomology group given by odd 2-cochains of 
degree s. Let / be an odd 2-cocycle of degree s. We can assume that 

/(-^nj-^'p) — Q"n,pGs+n+pi fi^-'ni^p) — ^n,pLs+n+p and f (G n ,Gp) — C n ^ p G - 

Thus, by (|3.4p . we have 

-(1 + q p )({m} - {n})a n+ m tP + (1 + q m )({p} - {n})a n+p<m + (1 + q n )({p} - {m})a n , m+p 

+ (1 + q n )({m + p + s + 1} - {n})a m , p - (1 + q m ){{n + p + s + 1} - {m})a n>p 

+(1 + g p )({n + m + s + 1} - {p})a n>m = 0. (3.30) 

By (j3.5[) . we obtain 

-(1 + <f +1 )({m} - {n})6 n+m , p - (1 + q m )({p + 1} - {n})6 m , n+p + (1 + g n )({p + 1} - {m})6 n , m+p 
+ (1 + g n )({m + p + s}- {n})b m , p - (1 + g m )({n + p + s} - {m})b n>p = 0. (3.31) 

By (|3.6|) . we obtain 

-(1 + q p+1 )({m + 1} - {n})c n+m , p - (1 + q m+1 )({p + 1} - {n})c n+p , m 

+ (1 + q n )({m +p + s + 1} - {n})c m , p - (1 + g m+1 )({m + 1} - {n + p + s})6 n , p (3.32) 

-(1 + <f +1 )({;p + 1} - {n + m + s})6 n , m = 0. 

Proposition 3.9. If s ^ 1,-1, the subspace H\ S (W 9 , W q ) is trivial. 
Proof. We define an endomorphism g of W q by 

9{Lp) = qP{ S l +l} f{L ° ,Lp) ^ 9iGp) = q P+l{ S -l} f{ - L °' Gp) - 
By ([33D and jET} we have 

6\g)(L ,L p ) = -{p}g{L p ) + {p + s + l}g{L p ), 

so 

5 1 ( 5 )(L ,L p ) = /{ S + l} 5 (L p ). 

We define a 2-cocycle /i by 

h = f-5\g). 

Therefore 

/i(Lo, L„) = f(L , L p ) - 5 1 (g)(L , L p ) = q p {s + l}g(L p ) - q p {s + l}g(L p ) = 0. (3.33) 
Taking m = in (f34"j) . with (EI]) and (f2T3|) . we obtain 



= (l + /){n}/(L n ,L p ) + 2({p}-{n})/(L n+p ,L ) + (l + g n )M/(L n ,L p ) 

+(1 + <f )[L n , /(L , Lp)] - 2[Lo, /(L n , L p )] + (1 + <f /(L n , L )]. (3.34) 
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Since h is a 2-cocycle, we can replace / by h in (|3.34p . and using (|3.33[) we obtain 

= (1 + q p ){n}h(L n , L p ) + (1 + q n ){p}h{L n , L p ) - 2{n + p + s + l}h(L n ,L p ). 
From this, using the fact s / -1, we obtain 

h(L n , L p ) = V n,p € Z. 
Since g{G p ) = qP+1 ^ 1} f(L ,G p ). By and ([212]) we have 

^(sXLo, G p ) = -{p + l}g(G p ) + {p + s}g(G p ) = q p+1 {s - l}g(G p ). 

Then 

h(L , G p ) = f(L , G p ) - 8 1 {g){L Q ,G p ) = 0. 
Taking m = in (33]), by <ggTT|> - (l23]l and ([231 we obtain 

(1 + / +1 ){n}/(L n , G p ) + 2({p + 1} - {n})/(G p+n , L ) + (1 + g n ){p + 1}/(L„, G p ) 
+(1 + q n )[L n , f(L , G p )\ - 2[L , f(L n , G p )\ + (-1)^ (1 + q p+1 )[G p , f(L n , £„)] = 0. 
Since h is a 2-cocycle and h(Lo,G p ) = h(L$,L n ) = 0, we can deduce that 

(1 + q p+1 ){n}h(L n , G p ) + (1 + q n ){p + l}h(L n ,G p ) - 2{p + n + s}h(L n , G p ) = 0, 
which implies that h(L n , G p ) = under the condition s / 1. 

Taking n = in (j3.6j) . since [G m , G p ] = h(L n , G p ) = h(L n , L p ) = and h is a 2-cocycle we have 
-h([Lo, G m ],a(G p )) - h([L ,G p ],a(G m )) + [a(L ),h{G m , G p )} = 0. 

Then 

-(1 + q p+1 ){m + l}/i(G m ,G p ) - (1 + q m+1 ){ P + l}h(G p , G rn ) + 2{m + p + s + l}/i(G m , G p ) = 0. 
So, under the condition s / 1, h(G m , G p ) = 0. 

We deduce that h = 0. Hence / is a coboundary. □ 

Lemma 3.10. Let f be an odd 2-cocycle of degree one and g be an odd endomorphism ofW q . 
If h = f — 5 1 (g) then for all n € Z, m 6 Z*, we have 

h(L n , L\) = 0, h(L u G m ) = 0, h(L 2 ,L^) = 0, and h(L- 1} G x ) = 0. 

Proof. Since / is an odd 2-cocycle of degree 1, we can assume that f(L n ,L m ) = f n ,mG n + m +i arid 
f(L n , G m ) = f n ^ m L n j rm j r \ . 

Let (a n ) ne z be the sequence given recursively by 
a_i = 0, 

' ' /„,i + ({3} - {n}) ai + ({n} - {l})a n+1 ) Vn < -1, 



{n + 2}-{l} 

1 , , 1 + Q- 2 . 
ao-^- T /-i,i + T ^-/o,i, 

1 - q , q 3 - 1 , q 3 - 1 , 

a n +l = 7 , 1 f1 , (/n,i - ({3} - {n}) ai + ({n + 2} - {l})a n ) , Vn > 1. 
{n}-{l} v 
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Let (b 

m)mez be the sequence given recursively by 

61 " { 2}_{_i}'-i.i' 
b = 0, 

b m = b m+1 + r m + 1 y_r 1 y f'l,m Vm < °' 
bm+l = b m + . , +1 | /l,m Vm > 0. 

Let 5 be an odd endomorphism of degree 1 of W 9 given recursively by g(L n ) = a n G n+ i and 
g{G n ) = b n L n+ i. 

By (|3.3p and ()3.3p we have recursively 

5 1 (g)(L n ,L m ) = ^({n} - {m})a n+m + ({m + 2} - {n})a m - ({n + 2} - {m})a n ^ G n+m+ i, 
and 

^(sOC^^m) = 1} - {n})(6 n+m - b m )L n+m+1 . (3.35) 

If /i = / — 5 1 (g) we have 

K,i = fn,i ~ (( W - {l})a n+ i + ({3} - {n}) ai - ({n + 2} - {l})a n ) = Vn E Z, 
^2,-1 = / 2 ,-i - (({2} - {-1}H + ({1} - ({2})a_ 1 - ({4} - {-l})a 2 ) = 0, 
*h,m = f'l,m + ({™ + 1} - W)(W - 6 m ) = Vm € Z*, 
^'-i,i = + {2}(6o - &i) = 0. 

□ 

Lemma 3.11. Let f be an odd 2-cocycle of degree one such that f(L n ,Li) = and /(L_i,L2) = 0. 
Then the cohomology class of f is trivial on the space Wq x Wq. 

Proof. We consider the linear map g defined by g{L n ) = ^rpy an d g{G n ) = and argue as in proof 
of Lemma 13.91 , 

□ 

Lemma 3.12. Let f be an odd 2-cocycle of degree one such that /(L_i, G\) = /(L2, £-1) = and 
f(Li,L n ) = f(Li,G m ) = 0, Vn G Z, m 6 Z*. T/ien £/ie cohomology class of f is trivial on the 
space Wl x W?. 

Proof. Let / be an odd 2-cocycle of degree one. Then using (|3.31|) we obtain exactly the same 
equation as fj3. 19|) . Therefore the proof is similar to Lemma 13.51 

□ 

Lemma 3.13. Let f be an odd 2-cocycle of degree one such that f(L2,L-\) = 0, /(L_i,Gi) = ; 
f(Li,L n ) = Vn € Z and f(Li,G m ) = 0, Vm € Z*. Then the cohomology class of f is trivial. 
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Proof. Since / is an odd 2-cocycle of degree one, we can assume that 

/(Cmi Gji) f{G n: G m ) Cn,mCn+m+l • 

Since b n ^ = 0, s = 1, then (|3.6p can be written 

-(1 + qP +1 )({m + 1} - {n})c n+m , p - (1 + q m+1 )({p + 1} - {n})c n+p , m 

+ (1 + q n )({m +p+2}- {n})c m , p = 0. (3.36) 

Therefore, if p = 0, we obtain 

-(l+ ( 7)({m+l}-{n})c n+m , -(l+(? m+1 )({l}-{n})c n , m + (l+g n )({m+2}-{n}) Cmi o = 0. (3.37) 

Taking n = 1, m = — 1 in (j3.37|) . we obtain co,o = 0. 

Taking m = in (|3.37p . we obtain (with co,o = 0) c raj o = 0, Vn ^ 1. Taking n = 1, m = 1 in (|3.37p . 
we obtain (with C2,o = ) ci 5 o = 0. We deduce that 

c n0 = Vn £ Z. (3.38) 

Using this in (|3.37p . we get c n>m = 0, V(n,m) / (1, 1). 
Taking n = 2, m = 1, p = 1 in (|3.36|) . we obtain c^i = 0. 

□ 

Finally, 
Proposition 3.14. 

H 2 ltl = {0}. 

Now we consider odd cocycles of degree —1. 

Lemma 3.15. Let f be an odd 2-cocycle of degree —1 and g be an odd endomorphism of\V q . 
Ifh = f -8 1 {g) then h(Li,L n ) = 0, h(Lx,G m ) = 0, h{L^G x ) = and fr(L 2 ,£-i) = 0. 

Proof. Since / is an odd 2-cocycle of degree —1, we assume that f(L n ,L m ) = f njm G n+m -\ and 
f(L n , G m ) = f n m L n + m ~\ . 
Let ( 

a n)n€Z be the sequence given recursively by 

a o = ~fi,o, 

a n = a n+1 - — — -fin Vn < 0, 

{1} - {n} 

ax = 

^ = - { 2 } - { -l} h ^- a -^ 

a n+i = r-,-. r , fl,n + a n , Vn > 1. 
{1} - {n} 
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Let (b 

m)mez be the sequence given recursively by 

bo = " iT^> ' 

{m+lj-m, 1 

bm = 1 7i F7T m+1 + 7 Ti rTT-'i.m Vm < °> 

|?7i — 1} — {1} \m — 1) — {1} ' 

{l}-{m-l}, 1 

bm+1 = m — 7 — m 6m + To — 7 — rrrAm Vm - L 

{l}-{m+l} {l}-{m + l} ' 

Let g be an odd endomorphism of degree —1 of W q given recursively by g(L n ) = a n G n -\ and 
g{G n ) = b n L n ^\. By (|3.3p and (|3.3p we have recursively 



5 1 (g)(L n ,L m ) = ({n} - {m})(a n+r , 



771—1" 



-//) 11 in 0>n ) • 

and 

5 1 (g)(L n , G m ) = {{{n} - {m + l})6 n+m + ({m - 1} - {n})6 m )^ L n+ 

If h = f — 5 1 (g) we have 

hi, n = /i, n - ({1} - {n})(a n+ i - o„) = Vn £ Z, 
^2,-1 = / 2 ,-i - ({2} - {-l})(ai - a 2 - o_i) = 0. 

h'i, m = f'i,m ~ (({1} " {m + l})Wl + ({m -!}-{!) )'>,„ ) = U V/n 6 
/ili! = /li i - ({-1} - {2})6 + {~l}h = 



(3.39) 



□ 

Lemma 3.16. Let f be an odd 2-cocycle of degree — 1 such that f(L n ,Li) = and /(Z/2,L_i) = 0. 
Then the cohomology class of f is trivial. 

Proof. Let / be an odd 2-cocycle of degree —1. Then plugging s = — 1 in (J3.30P leads to equation 
(|3.14p . Therefore the proof goes the same as Lemma 13.41 □ 

Lemma 3.17. Let f be an odd 2-cocycle of degree — 1 such that f(Li,G n ) = 0, f(L-i,Gi) = 
and f(L2,L-\) = 0. Then the cohomology class of f is trivial on the space Wq x Wf. 

Proof. We consider the linear map g defined by g(L n ) = and g{G p ) = — ^y/(^0i^p) and 
argue as in the proof of Lemma 13.91 . □ 

Finally, 

Proposition 3.18. 

#i 2 -i = {0} 
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